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7 RELATIVE GALOIS MODULE STRUCTURE OF RINGS OF INTEGERS
OF ABSOLUTELY ABELIAN NUMBER FIELDS
HENRI JOHNSTON
Abstract. Let L/K be an extension of number fields where L/Q is abelian. We define
such an extension to be Leopoldt if the ring of integers OL of L is free over the associated
order AL/K . Furthermore we define an abelian number field K to be Leopoldt if every
finite extension L/K with L/Q abelian is Leopoldt in the sense above. Previous results
of Leopoldt, Chan & Lim, Bley, and Byott & Lettl culminate in the proof that the n-th
cyclotomic field Q(n) is Leopoldt for every n. In this paper, we generalize this result by
giving more examples of Leopoldt extensions and fields, along with explicit generators.
1. Introduction
Let L/K be a finite Galois extension of number fields with Galois group G. Then the
group algebra K[G] operates on the additive structure of L in the obvious way and we define
the associated order of the extension L/K to be
AL/K := {x ∈ K[G] | x(OL) ⊆ OL},
where OL is the ring of integers of L. A natural problem that arises in Galois module theory
is that of determining the associated order AL/K and the structure of OL as an AL/K-module.
In the case where K = Q and L/Q is abelian, this problem was solved by Leopoldt (see
[Leo59]; Lettl gives a simplified proof in [Let90]). In particular, Leopoldt showed that OL
is a free AL/Q-module (necessarily of rank 1) and gave explicit descriptions of AL/Q and of
α ∈ OL such that OL = AL/Q · α.
In the same situation (K = Q and L/Q abelian), one can ask whether OL has a normal
integral basis, i.e. whether it is free as a Z[G]-module (again, necessarily of rank 1). The
Hilbert-Speiser Theorem says that this is the case if and only if L is of square-free conductor
or, equivalently, the extension L/Q is tamely ramified. In the more general setting, Noether
showed that AL/K = OK [G] precisely when the extension L/K is at most tamely ramified
(see [Noe32]). Furthermore, AL/K is the only order of K[G] over which OL can possibly
be free of rank 1. Hence Leopoldt’s Theorem can be viewed as a generalization of the
Hilbert-Speiser Theorem.
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A number field K is called a Hilbert-Speiser field if each at most tamely ramified finite
abelian extension L/K has a relative normal integral basis, i.e. OL is a free OK [G]-module.
In [GRRS99], Greither, Replogle, Rubin and Srivastav show that Q is the only such number
field. In this paper, we consider an analogous problem in which the restriction on ramification
is relaxed and the requirement that L/K is abelian is strengthened.
Definition 1.1. An extension L/K of absolutely abelian number fields (i.e. L/Q abelian)
is Leopoldt if OL is a free AL/K-module. An abelian number field K is Leopoldt if every
extension L/K with L/Q abelian is Leopoldt in the sense above.
In particular, Leopoldt’s Theorem shows that Q is Leopoldt. However, unlike the case of
Hilbert-Speiser fields, Q is not the only such field. A series of successively sharper results
of Chan & Lim, Bley, and Byott & Lettl (see [CL93], [Ble95] and [BL96], respectively)
culminates in the proof that the n-th cyclotomic field Q(n) is Leopoldt for every n. In
[Go´m96], Go´mez Ayala shows that any quadratic extension L/K with L of p-power conductor
over Q (p an odd prime) is Leopoldt (also see [Let94]). In this paper, we build upon these
results by proving the following theorems.
Theorem 1.2. Let r, s ≥ 1 and p be an odd prime. Let L/K be an extension with [L : K] =
ps and L ⊆ Q(pr+s). Then L/K is Leopoldt.
Theorem 1.3. Let r ≥ 1, s ≥ 0 and p be an odd prime. Then Q(pr+s)/Q(pr)+ is Leopoldt.
Theorem 1.4. Let m ∈ N with prime factorization m = pr11 pr22 · · · prkk where p1 = 2 and
r1 6= 1. Let K be the compositum of the collection of number fields {Ki}ki=1 where Ki = Q(pri)
or Q(p
ri )+ for i ≥ 2 and K1 = Q(2r1 ). Then K is Leopoldt.
Note that these results can be made explicit (see Theorems 8.2 and 9.2). In other words, for
a Leopoldt extension L/K we can give an explicit generator α ∈ OL such that OL = AL/K ·α.
Theorem 1.4 follows from Theorems 1.2 and 1.3 (plus certain cases of the already known
results mentioned above) in a relatively straightforward manner as shown in Section 2. One
important tool used in the proof of Theorems 1.2 and 1.3 is the result of [Let98] in which
Lettl shows that for any finite extension of p-adic fields LP/Kp where LP/Qp is abelian, OLP
is a free ALP/Kp -module. We then use Roiter’s Lemma (see 31.6 of [CR81]) to reduce the
problem to the computation of certain discriminants, which we do by explicitly calculating
resolvents.
It is natural to ask whether every finite abelian extension of Q is Leopoldt. One can
trivially deduce that the answer is no from results of Brinkhuis ([Bri87], [Bri92], [Bri94]) or
Cougnard ([Cou01]), which give many examples of absolutely abelian tame extensions that
have no relative normal integral basis. In analogy with the result that Q is the only Hilbert-
Speiser field ([GRRS99]), we would ultimately like to give a classification of all Leopoldt
fields. This is a problem that might be explored in a future paper.
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2. Piecing Extensions Together
We show that Theorem 1.4 follows from Theorems 1.2 and 1.3, plus Leopoldt’s origi-
nal theorem along with a special case (2-power conductor) of its previously known relative
generalizations.
Lemma 2.1. Let L1 and L2 be finite Galois extensions of a number field K. Put L = L1L2
and suppose that L1 and L2 are arithmetically disjoint over K (i.e. OL = OL1 ⊗OK OL2, or
equivalently, L1 and L2 are linearly disjoint over K and (Disc(OL1/OK),Disc(OL2/OK)) =
OK - see III.2.13 of [FT91]). Then:
(a) We have AL/L2 = AL1/K ⊗OK OL2 and AL/K = AL1/K ⊗OK AL2/K.
(b) If there exists some α1 ∈ OL1 with OL1 = AL1/K · α1, then OL = AL/L2 · (α1 ⊗ 1).
If there also exists α2 ∈ OL2 with OL2 = AL2/K · α2, then OL = AL/K · (α1 ⊗ α2).
Proof. This is Lemma 5 of [BL96]; the proof is immediate. 
Lemma 2.2. Let L1/K1 and L2/K2 both be Galois extensions of number fields. Suppose
that L1 and L2 are arithmetically disjoint over Q and that for i = 1, 2 there exist αi ∈ OLi
such that ALi/Ki · αi = OLi. Then OL1L2 = AL1L2/K1K2 · (α1 ⊗ α2) and
AL1L2/K1K2 =
(AL1/K1 ⊗OK1 OK1K2)⊗OK1K2 (AL2/K2 ⊗OK2 OK1K2) .
Proof. We give a slightly modified version of the proof dealing with the cyclotomic case given
in Section 5 of [CL93]. Consider the following field diagram.
L1L2
??
??
??
??
??





5L1K2





3
??
??
??
??
??
K1L2
??
??
??
??
??
4





L1
1
??
??
??
??
??
K1K2





??
??
??
??
??
L2
2





K1
??
??
??
??
??
K2





Q
The hypothesis that L1 and L2 are arithmetically disjoint over Q implies that the relevant
pairs of fields are arithmetically disjoint over the relevant base field throughout.
We use Lemma 2.1 to move from extensions (1) and (2) to (3) and (4) respectively, and
again to arrive at the result for extension (5). 
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Proposition 2.3. Let L/K be an extension of number fields. Then TrL/K(OL) is an ideal
of OK. Suppose further that L/K is Galois and let p be a (non-zero) prime of OK . Then
p | TrL/K(OL) if and only if p is wildly ramified in L/K.
Proof. See [Jam]. Alternatively, this follows from Lemma 2 in Section 5 of [Fro¨67] and the
fact that the extension of residue fields in question is separable. 
Corollary 2.4. If L/K is a Galois extension of number fields, then L/K is at most tamely
ramified if and only if TrL/K(OL) = OK.
Corollary 2.5. Let M/L and N/L be Galois extensions of number fields with L ⊂ M ⊂ N
and N/M at most tamely ramified. Put G = Gal(N/L) and H = Gal(M/L) and let pi :
L[G] → L[H ] denote the L-linear map induced by the natural projection G → H. Suppose
that ON = AN/L ·α for some α ∈ ON . Then AM/L = pi(AN/L) and OM = AM/L ·TrN/M (α).
Proof. By Corollary 2.4, TrN/M(ON ) = OM , and so
OM = TrN/M (ON) = TrN/M(AN/L · α) = AN/L(TrN/M(α)) = pi(AN/L) · TrN/M (α).
(Note that the statement and proof are essentially the same as for Lemma 6 of [BL96].) 
Proof of Theorem 1.4. Recall that K is the compositum of the collection of number fields
{Ki}ki=1 where Ki = Q(pri ) or Ki = Q(pri )+ for i ≥ 2 and K1 = Q(2r1 ) (p1 = 2 and r1 6= 1),
and that we wish to show that K is Leopoldt. In other words, given a finite extension L/K
with L/Q abelian, we need to find α ∈ OL such that OL = AL/K · α.
Let n = pr1+s11 p
r2+s2
2 · · · prk+skk be the prime factorization of the conductor of L. Note that
we may have ri = 0 for some i. For 1 ≤ i ≤ k, let Li = Q(p
ri+si
i ). For each 1 ≤ i ≤ k, there
exists βi ∈ OLi such that OLi = ALi/Ki · βi. We see this as follows: for ri = 0 (i.e. Ki = Q),
use Leopoldt’s original theorem (see [Leo59] or the simplified proof in [Let90]); for i = 1 and
r1 ≥ 2 use a special case of the main result of [CL93] (or its generalizations in [Ble95] or
[BL96]); and for all remaining cases, use Theorems 1.2 and 1.3. Successive applications of
Lemma 2.2 give O(n) = AQ(n)/K · β where β = β1β2 · · ·βk. If n is odd or if Q(i) ⊆ K, then
Q(n)/L is at most tamely ramified (see Proposition 3.7 and Remark 3.8 of [Joh06]) and so
we have OL = AL/K · TrQ(n)/L(β) by Corollary 2.5.
Now suppose n is even and that Q(i) * K. Then r1 = 0 (recall p1 = 2). Assuming
the notation and results of Sections 2 and 3 of [Joh06], let X be the group of Dirichlet
characters associated to L, and let L′ be the field associated to X2. Then by Leopoldt’s
original theorem, there exists γ1 ∈ OL′ such that OL′ = AL′/Q · γ1. Let t = pr2+s22 · · · prk+skk .
As in the odd case, there exists γ2 ∈ O(t) such that O(t) = AQ(t)/K · γ2. So by Lemma 2.1 we
have OL′Q(t) = AL′Q(t)/K · γ1γ2. However, the extension L′Q(t)/L is at most tamely ramified
(for primes above odd rational primes, use Proposition 3.7 of [Joh06]; for primes above 2, use
Theorem 3.5 of [Was97]), and so by Corollary 2.5, we have OL = AL/K ·TrL′Q(t)/L(γ1γ2). 
Remark 2.6. Using the proof above and the results to which it refers, one can give explicit
descriptions of α and AL/K . Note, however, that there are in fact many possible choices for
α: if OL = AL/K · α, then for any unit u of AL/K , we have OL = AL/K · (u · α).
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Remark 2.7. Theorem 1.4 can be easily extended using Lemma 2.2 to “add on” non-cyclotomic
extensions of the form described in Theorem 1.2 (in the proof above, we only use the cyclo-
tomic case of Theorem 1.2) and quadratic extensions of the forms described in [Go´m96] and
[Let94]. However, the resulting statement would then be rather messy as it would be about
certain Leopoldt extensions rather than Leopoldt fields.
3. From Local Freeness to Global Freeness
Throughout this section, let L/K be a Galois extension of number fields with G =
Gal(L/K) (not necessarily abelian). It is well-known that the ring of integers OL being
locally free over the associated order AL/K is a necessary but not a sufficient condition for
OL to be free over AL/K . However, the proposition below says that in some sense local
freeness is “not too far” from global freeness.
Let [A : B] = [A : B]OK denote the OK-module index of B in A. (In fact, one could
instead set [A : B] = [A : B]OF for any subfield F of K.) For background material on
module indices and discriminants, see Sections II.4 and III.2 of [FT91].
Proposition 3.1. Suppose OL is locally free over AL/K. Then given any non-zero ideal I
of OK, there exists β ∈ OL (depending on I) such that I + [OL : AL/K · β] = OK .
Proof. We use Roiter’s Lemma as stated in 31.6 of [CR81] (alternatively, see Theorem 27.1
of [Rei75]). Let R = OK , Λ = M = AL/K and N = OL. Both M and N are Λ-lattices and
are in the same genus since OL is locally free over AL/K . Roiter’s Lemma says that there
exists a Λ-exact sequence
0→M → N → T → 0
for some Λ-module T such that I +annR(T ) = R. Let S be the image of M in N under the
map of the above sequence. Then S is a free Λ-module of rank 1 contained in N = OL and
so there exists some β ∈ S ⊆ N = OL such that S = Λ · β = AL/K · β. Hence we have an
exact sequence
0→ AL/K · β → OL → T → 0
where I + annOK (T ) = OK . The desired result now follows once one observes that
rad([OL : AL/K · β]) = rad(annOK(T )).

The following proposition says that local freeness together with certain extra conditions
implies global freeness.
Proposition 3.2. Suppose that OL is locally free over AL/K . Let α ∈ OL. Then OL =
AL/K · α if and only if [OL : OK [G] · β] ⊆ [OL : OK [G] · α] for all β ∈ OL.
Proof. Let S = {β ∈ OL | [OL : OK [G] · β] 6= 0} and observe that this is precisely the set
of elements of OL that generate a normal basis for the field extension L/K. Note we can
assume without loss of generality that α ∈ S. For every β ∈ S, the map
ψ : K[G]→ L, x 7→ x · β
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is in fact an isomorphism (in particular, ofK-vector spaces) which restricts to an isomorphism
of OK-modules AL/K → AL/K · β. Thus for every β ∈ S, we have
[OL : OK [G] · β] = [OL : AL/K · β][AL/K · β : OK [G] · β] = [OL : AL/K · β][AL/K : OK [G]].
In particular, this holds for β = α. Hence for all β ∈ OL (including β /∈ S) [OL : OK [G]·β] ⊆
[OL : OK [G] · α] if and only if [OL : AL/K · β] ⊆ [OL : AL/K · α]. However, [OL : AL/K · β] ⊆
[OL : AL/K · α] for all β ∈ OL if and only if [OL : AL/K · α] = (1). To see this, note that
one direction is trivial and that the other must hold in order to avoid a contradiction with
Proposition 3.1. 
We now rephrase Proposition 3.2 in terms of discriminants.
Proposition 3.3. Suppose that OL is locally free over AL/K . Let α ∈ OL. Then OL =
AL/K · α if and only if for every β ∈ OL, we have
Disc((OK [G] · β)/OK) ⊆ Disc((OK [G] · α)/OK).
Proof. Using a well-known lemma relating discriminants to module indices (see III.2.4 of
[FT91]), for all β ∈ OL (including β = α) we have
Disc((OK [G] · β)/OK) = [OL : (OK [G] · β)]2 · Disc(OL/OK).
The desired result now follows from Proposition 3.2. 
Proposition 3.4. Let K be a number field with linearly disjoint extensions L and E. Let
F = LE and suppose that F/E (and so L/K) is Galois with Galois group G.
F
L
ooooooooo
E
G
K
G ooooooooo
Suppose that OL and OF are locally free over AL/K and AF/E respectively and that there
exists α ∈ OL such that OF = AF/E · α. Then OL = AL/K · α.
Proof. First note that the restriction map
res : G = Gal(F/E)→ Gal(L/K), σ 7→ σ|L
is an isomorphism by the linear disjointness hypothesis. For every β ∈ OL ⊆ OF , we have
Disc((OE [G] · β)/OE) ⊆ Disc((OE [G] · α)/OE).
However, since OE [G] = OE ⊗OK OK [G] we have
Disc((OE [G] · β)/OE) = OE ⊗OK Disc((OK [G] · β)/OK)
for all β ∈ OL (including β = α). It is now easy to see that
Disc((OK [G] · β)/OK) ⊆ Disc((OK [G] · α)/OK)
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for every β ∈ OL and so the desired result now follows from Proposition 3.3. 
4. Resolvents
In this section, we define resolvents and use them to give a formula for certain discrimi-
nants. We then derive a criterion in terms of resolvents for trivial Galois module structure
of abelian extensions which will be a key element of the proofs of the main results.
Definition 4.1. For every k ∈ N choose a primitive k-th root of unity ζk ∈ C in such a way
that for all k, l ∈ N with k|l we have ζ l/kl = ζk. Let this choice be fixed for the rest of the
paper.
Let L/K be an abelian extension of number fields with Galois group G and let Ĝ be the
character group of G. Let n be the exponent of G and note that the elements of Ĝ can be
considered as group homomorphisms χ : G→ L(ζn)×.
Definition 4.2. Let α ∈ L and χ ∈ Ĝ. We define
〈α |χ〉 = 〈α |χ〉L/K :=
∑
g∈G
χ(g−1)g(α) ∈ L(ζn)
to be the resolvent attached to α and χ.
Proposition 4.3. Let α ∈ OL. Then
Disc((OK [G] · α)/OK) = Disc({g(α) : g ∈ G}/OK) =
∏
χ∈ bG
(〈α |χ〉)2 .
Proof. Lemma 5.26 (a) in [Was97] gives det((hg−1(α))h,g∈G) =
∏
χ∈ bG〈α |χ〉 for α ∈ L (this
is known as the abelian group determinant formula). Proposition 2.25 of [Mil] says that
Disc({g(α) : g ∈ G}/OK) = (det((hg−1(α))h,g∈G))2. Thus we obtain the desired result. 
Corollary 4.4. Suppose OL is locally free over AL/K. Let α ∈ OL. Then∏
χ∈ bG
〈α |χ〉 divides
∏
χ∈ bG
〈β |χ〉 ∀β ∈ OL
if and only if OL = AL/K · α. (Note: everything divides zero.)
Proof. Follows from Propositions 3.3 and 4.3. 
We now give a reduction step useful for computing resolvents.
Lemma 4.5. Let M be an intermediate field of L/K, H = Gal(L/M) and ∆ = Gal(M/K).
Suppose χ is a character of G that is trivial on H. Then by abuse of notation we can consider
χ as a character on ∆, and for α ∈ L we have
〈α |χ〉L/K = 〈TrL/M (α) |χ〉M/K.
Proof. Straightforward. 
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5. Sums of Roots of Unity
We compute certain sums of roots of unity, allowing us to calculate resolvents later on.
Definition 5.1. For any prime p, let vp(x) denote the p-adic valuation of x ∈ Z.
Lemma 5.2. Let p be a prime, a, b, k ∈ Z and k ≥ 1. Then
pk−1∑
t=0
ζa+bt
pk
=
{
ζa
pk
pk if vp(b) ≥ k,
0 otherwise.
Proof. Straightforward. 
Lemma 5.3. Let p be a prime, n,m ≥ 1 (n ≥ 2 if p = 2) and 0 ≤ k ≤ n+m. Then
Tr
Q(p
n+m)/Q(p
n)(ζpk) =
{
ζpkp
m if k ≤ n,
0 otherwise.
Proof. We have
Tr
Q(p
n+m)/Q(pn)(ζpk) =
pm−1∑
i=0
σ1+ipn(ζpk) = ζpk
pm−1∑
i=0
ζ ip
n
pk
where σi is the automorphism of Q(ζpn+m) = Q(p
n+m) mapping ζpn+m 7→ ζ ipn+m (and so
ζpk 7→ ζ ipk). The result now follows from Lemma 5.2. 
Theorem 5.4 (Gauß). Let n ∈ N. Let ζ = e2pii/n. Then
n−1∑
t=0
ζ t
2
=
{ √
n if n ≡ 1mod 4,
i
√
n if n ≡ 3mod 4.
Proof. See Theorem 99 of [Nag51]. 
Corollary 5.5. Let p be an odd prime, k ≥ 2 and ζ = ζpk. Then
∑
0≤t≤pk−1
(p,t)=1
ζ t
2
= 0.
Proof. Observe that
pk−1∑
t=0
ζ t
2
=
∑
0≤t≤pk−1
(p,t)=1
ζ t
2
+
pk−1−1∑
t=0
ζ (pt)
2
=
∑
0≤t≤pk−1
(p,t)=1
ζ t
2
+ p
pk−2−1∑
t=0
ζp
2t2 .
The result for now follows by using Theorem 5.4 with n = pk and n = pk−2. (Strictly
speaking, we have shown the result for ζ = e2pii/p
k
, though it is clear that the result still
holds for any choice of ζ = ζpk .) 
Proposition 5.6. Let F (t) ∈ Zp[t], and let α0 be a simple root of F (t)mod p. Then there
exists a root α of F (t) with α ≡ α0mod p.
Proof. This is a corollary of Hensel’s Lemma - see II.3.25.a of [FT91]. 
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Proposition 5.7. Let p be an odd prime and let a, b, k ∈ Z with k ≥ 1 and (b, p) = 1. Let
ζ = ζpk and let f ∈ (Z/pkZ)[t]. Define g : Z/pkZ → Z/pkZ by t 7→ a + bt + pf(t). Then∑pk−1
t=0 ζ
g(t) =
∑pk−1
t=0 ζ
a+bt = 0.
Proof. Since (b, p) = 1, we see that g is surjective mod p. Hence Proposition 5.6 shows that
g is surjective and therefore bijective. However, h : Z/pkZ → Z/pkZ, t 7→ a + bt is also
bijective, and so the desired result now follows from Lemma 5.2. 
Corollary 5.8. Let p be an odd prime and let a, b, c, d, e, k ∈ Z with d, e, k ≥ 1 and (b, p) = 1.
Let ζ = ζpk and define g : Z/pkZ → Z/pkZ by t 7→ a + bt + cp
∑d
j=2
(
t
j
)
p(j−2)e. Then∑pf−1
t=0 ζ
g(t) = 0.
Proof. The main point is to check that f(t) =
∑d
j=2
(
t
j
)
p(j−2)e is indeed an element of
(Z/pkZ)[t]. One has to consider p-denominators of the binomial coefficients and a straight-
forward induction argument gives the desired result. 
Proposition 5.9. Let p be an odd prime and let a, b, c, k ∈ Z with k ≥ 0 and (c, p) = 1. Let
ζ = ζpk and let f ∈ (Z/pkZ)[t]. Define g : Z/pkZ→ Z/pkZ by t 7→ a+ bt+ ct2+ pf(t). Then
Norm
Q(p
k)/Q
(∑pk−1
t=0 ζ
g(t)
)
= Norm
Q(p
k)/Q
(∑pk−1
t=0 ζ
t2
)
= p
1
2
k[Q(p
k):Q] = p
1
2
k(p−1)pk−1.
Proof. Define h to be the first three terms of g, that is h(t) = a+ bt+ ct2. Since multiplying
g(t) by the multiplicative inverse of c in Z/pkZ (recall (c, p) = 1) does not affect the norm
of
∑
ζg(t), we can without loss of generality suppose that c ≡ 1mod pk. Thus we have
h(t) = a+ bt+ t2. Now completing the square, we see that there exists a change of variables
x = t−b/2 such that h(x) = x2. (Note that without loss of generality we can take the constant
term to be zero, as again this does not affect the norm.) Thus we have g(x) = x2+pf(x+b/2),
and since f was arbitrary, we can suppose that in fact g(x) = x2 + pf(x).
If k = 0 or 1, the result now follows from Theorem 5.4 and the fact that g = h in this case
(both are defined as functions on Z/pkZ). We suppose that k ≥ 2 and proceed by induction.
Let H1 := {j ∈ (Z/pkZ)× | 1 ≤ (jmod p) ≤ (p − 1)/2}, let H2 := (Z/pkZ)× − H1 and
let H3 := (pZ/pkZ). Note that H1, H2 and H3 form a partition of (Z/pkZ), and that the
congruence class mod p of an element x ∈ (Z/pkZ) uniquely determines the Hi in which it
lies. Furthermore, H1 = −H2 and so both the restrictions h|H1 and h|H2 are bijections onto
their common image, (Z/pkZ)×2 (i.e. the squares in (Z/pkZ)×).
Since g ≡ hmod p and g′(x) ≡ 2x 6≡ 0mod p for all x ∈ (Z/pkZ)×, Proposition 5.6
shows that g(H1) = g(H2) = (Z/pfZ)×2 = h(H1) = h(H2). Therefore for i = 1, 2 we have
permutations si : Hi → Hi such that h|Hi(x) = g|Hi(si(x)). We can “glue” these together to
give a permutation s : (Z/pkZ)× → (Z/pkZ)× such that h(x) = g(s(x)) for all x ∈ (Z/pkZ)×.
By Corollary 5.5, we now have
∑
0≤x≤pk−1
(p,x)=1
ζg(x) =
∑
0≤x≤pk−1
(p,x)=1
ζx
2
= 0 and so
pk−1∑
x=0
ζg(x) =
pk−1−1∑
x=0
ζg(px).
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Write f(x) = d+ ex+ x2f˜(x) and let g˜(x) = x2 + ex+ px2f˜(px). Then we have
g(px) = p2x2 + pf(px) = p2x2 + pd+ p2ex+ p3x2f˜(px) = pd+ p2g˜(x).
As before, we can suppose without loss of generality that d = 0, and so
pk−1∑
x=0
ζg(x) =
pk−1−1∑
x=0
ζg(px) =
pk−1−1∑
x=0
ζp
2g˜(x) = p
pk−2−1∑
x=0
ζ
g˜(x)
pk−2
.
Since g˜ is of the correct form and
pk−1∑
x=0
ζx
2
=
pk−1−1∑
x=0
ζ (px)
2
= p
pk−2−1∑
x=0
ζx
2
pk−2,
the result now follows by induction. 
Corollary 5.10. Let p be an odd prime and let a, b, c, d, e, k ∈ Z with d ≥ 2, e, k ≥ 1,
(c, p) = 1 (if p = 3, assume e ≥ 2). Let ζ = ζpk and define
g : Z/pkZ→ Z/pkZ by t 7→ a + bt+ c∑dj=2 (tj)p(j−2)e.
Then Norm
Q(p
k)/Q
(∑pk−1
t=0 ζ
g(t)
)
= p
1
2
k(p−1)pk−1.
Proof. Write
g(t) = a+ bt + c
(
t
2
)
+ c
∑d
j=3
(
t
j
)
p(j−2)e = a+ (b− c
2
)t + c
2
t2 + cp
∑d
j=3
(
t
j
)
p(j−2)e−1.
The main point is to check that f(t) =
∑d
j=3
(
t
j
)
p(j−2)e−1 is indeed an element of (Z/pkZ)[t].
One has to consider p-denominators of the binomial coefficients and a straightforward in-
duction argument gives the desired result except when e = 1 and p = 3. 
6. Absolutely Abelian Extensions
We recall two results for absolutely abelian extensions of number fields. The first of these
results says that all absolutely abelian extensions of number fields have the local freeness
property which allows the results of Sections 3 and 4 to be applied.
Theorem 6.1 ([Let98]). Let LP/Kp be a finite extension of p-adic fields with LP/Qp abelian.
Then OLP is a free ALP/Kp -module of rank 1.
Corollary 6.2 ([Let98]). If L/K is an extension of number fields with L/Q abelian, then
OL is locally free over AL/K, i.e. for any prime p of OK, OL,p is a free AL/K,p-module of
rank 1.
Let L/K be an extension of number fields with L/Q abelian and let G = Gal(L/K).
The second result asserts that the associated order AL/K is equal to MK[G], the maximal
OK-order of K[G], in many cases of interest. Note thatMK[G] is unique in this case because
G is abelian.
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Definition 6.3. We say that an extension N/M is totally wildly ramified if each intermediate
field different from M is wildly ramified above M .
Theorem 6.4 ([BL96]). Let L/K be a cyclic and totally wildly ramified extension of number
fields with L/Q abelian. Suppose L/K is linearly disjoint from the extension Q(m)/K, where
m denotes the conductor of K. Then AL/K =MK[G] where G = Gal(L/K).
7. The Induction Step
We now specialize to the following situation:
• Let r, s ≥ 1 and p be an odd prime.
• Let V = {x ∈ Z : vp(x) = 0}.
• Let ζ = ζpr+s.
• Let L = Q(pr+s), M = Q(pr+s−1) and K = Q(pr) or Q(pr)+.
• Let G = Gal(L/K), H = Gal(L/M) and ∆ = Gal(M/K).
• Let A be the subgroup of characters of G that are trivial on H . Note that A ∼= ∆̂.
• Let B = Ĝ−A. Note that this is the set of characters of G of order ps or 2ps.
Remark 7.1. We shall assume for the rest of the paper that r ≥ min{2, s} if p = 3 due to
the exceptional case of Corollary 5.10 (note that this proposition is only used when s > r).
However, we already know that extensions of the form Q(3
1+s)/Q(3) are Leopoldt by the main
result of [CL93] (or its generalizations in [Ble95] or [BL96]). Furthermore, the only proper
subfield of Q(3) is Q(3)+ = Q, so results analogous to Corollary 8.3 and Theorem 9.2 in the
case p = 3 and r = 1 follow from Leopoldt’s original theorem [Leo59] (see [Let90] for a
simplified proof). Thus Theorems 1.2 and 1.3 as stated still hold in this case.
Lemma 7.2. Let σi denote the field automorphism of L = Q(ζ) defined by ζ 7→ ζ i. Then
G = Gal(L/K) =
{ {σ1+ipr : 0 ≤ i ≤ ps − 1} = 〈σ1+pr〉 if K = Q(pr),
{σ1+ipr : 0 ≤ i ≤ ps − 1} × {σ1, σ−1} = 〈σ−1σ1+pr〉 if K = Q(pr)+.
Proof. Straightforward. 
Lemma 7.3. Let b ∈ Z and χ ∈ Ĝ. Then
〈ζb |χ〉L/Q(pr)+ =
{ 〈ζb |χ〉L/Q(pr) − 〈ζ−b |χ〉L/Q(pr) if χ is of even order,
〈ζb |χ〉L/Q(pr) + 〈ζ−b |χ〉L/Q(pr) if χ is of odd order.
Proof. If χ is of even order, we have
〈ζb |χ〉L/Q(pr)+ =
1∑
k=0
ps−1∑
j=0
χ(((σ−1)
k(σ1+pr)
j)−1)σ(−1)k(1+pr)j (ζ
b)
=
ps−1∑
j=0
χ((σ1+pr)
−j)σ(1+pr)j (ζ
b)−
ps−1∑
j=0
χ((σ1+pr)
−j)σ(1+pr)j (ζ
−b)
= 〈ζb |χ〉L/Q(pr) − 〈ζ−b |χ〉L/Q(pr) .
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The calculation is almost identical for χ of odd order. 
Lemma 7.4. Let χ ∈ B and let b ∈ Z with vp(b) > 0. Then 〈ζb |χ〉L/K = 0.
Proof. Since χ ∈ B, we have χ(σ1+pr) = ζapr for some a ∈ V . Then using Definition 4.2 and
noting the explanations below, we have
〈ζb |χ〉L/Q(pr) =
ps−1∑
j=0
χ((σ1+pr)
−j)(σ1+pr)
j(ζb) =
ps−1∑
j=0
ζ−ajp
r
ζb
Pj
i=0 (
j
i)p
ir
=
ps−1∑
j=0
ζ−ajp
r
ζb
P⌊s/r⌋+1
i=0 (
j
i)p
ir
= ζb
ps−1∑
j=0
ζ
pr
“
(b−a)j+bpr
P⌊s/r⌋+1
i=2 (
j
i)p
(i−2)r
”
= 0,
where the last equality follows from Corollary 5.8, noting that vp(b− a) = 0. For the third
equality above, note that
(
j
i
)
= 0 for i > j and that pir ≡ 0mod pr+s for i ≥ ⌊s/r⌋+ 2. The
K = Q(p
r)+ case now follows from Lemma 7.3. 
Proposition 7.5. Suppose there exist γ ∈ OM , f ∈ N and S ⊆ V such that
(a) OM = AM/K · γ;
(b) for every χ ∈ B and every b ∈ V , we have NormL/Q((〈ζb |χ〉L/K)) = 0 or pf ; and
(c) for every χ ∈ B, there exists a unique element b = bχ ∈ S such that 〈ζb |χ〉L/K 6= 0.
Then OL = AL/K · α where α := γ +
∑
b∈S ζ
b.
Proof. Let β ∈ OL. By Lemmas 4.5 and 5.3, we have
(1)
∏
χ∈A
〈α |χ〉L/K =
∏
χ∈b∆
〈TrL/M(α) |χ〉M/K =
∏
χ∈b∆
〈pγ |χ〉M/K = p|b∆|
∏
χ∈b∆
〈γ |χ〉M/K .
Let θ = p−1TrL/M(β). Then θ ∈ OM by Lemma 5.3. Furthermore, as above, we have
(2)
∏
χ∈A
〈β |χ〉L/K = p|b∆|
∏
χ∈b∆
〈θ |χ〉M/K .
However, since OM = AM/K · γ, Corollary 4.4 shows that (1) divides (2).
Since γ ∈ OM , we can write γ =
∑
t∈T ζ
pt for some T ⊂ Z. Let p = (1− ζ) be the unique
prime ideal in OL = Z[ζ ] above p. Note that NormL/Q(x) = pf is equivalent to (x) = pf for
any x ∈ OL. Therefore by Lemma 7.4 and hypotheses (b) and (c), we have∏
χ∈B
〈α |χ〉L/K =
∏
χ∈B
〈∑
t∈T ζ
pt +
∑
b∈S ζ
b |χ〉
L/K
(3)
=
∏
χ∈B
〈∑
b∈S ζ
b |χ〉
L/K
generates pf |B|.
Similarly, we can write β =
∑
t∈T ′ ζ
pt +
∑
s∈S′ ζ
s for some S ′ ⊆ V and T ′ ⊆ Z. Then
(4)
∏
χ∈B
〈β |χ〉L/K =
∏
χ∈B
〈∑
t∈T ′ ζ
pt +
∑
s∈S′ ζ
s |χ〉
L/K
=
∏
χ∈B
〈∑
s∈S′ ζ
s |χ〉
L/K
∈ pf |B|.
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Therefore (3) divides (4) and so
∏
χ∈ bG〈α |χ〉L/K divides
∏
χ∈ bG〈β |χ〉L/K (note that Ĝ is the
disjoint union of A and B). Since β ∈ OL was arbitrary, the desired result now follows from
Corollary 4.4. 
8. Proof of Theorem 1.2
We now prove an explicit version of Theorem 1.2. We adopt the notation given at the
beginning of Section 7, taking K = Q(p
r). We abbreviate 〈− |χ〉L/K to 〈− |χ〉.
Lemma 8.1. Let χ ∈ B and define a ∈ N by χ(σ1+pr) = ζaps = ζapr . If p = 3, assume that
r ≥ min{2, s}. Let b ∈ V . Then
Norm
Q(p
r+s)/Q((〈ζb |χ〉)) =


ps(p−1)p
r+s−1
if s ≤ r and vp(b− a) ≥ s,
p
1
2
(s+r)(p−1)pr+s−1 if s > r and vp(b− a) ≥ r,
0 otherwise.
Proof. Exactly the same computation as in the proof of Lemma 7.4 gives
〈ζb |χ〉 = ζb
ps−1∑
j=0
ζ
pr
“
(b−a)j+bpr
P⌊s/r⌋+1
i=2 (
j
i)p(i−2)r
”
.
Suppose s ≤ r. Then using Lemma 5.2 for the second equality, we have
〈ζb |χ〉 = ζb
ps−1∑
j=0
ζp
r(b−a)j =
{
ζbps if vp(b− a) ≥ s,
0 otherwise.
Suppose s > r. Let l = vp(b− a) and write (b− a) = upl where (u, p) = 1. If l < r, we have
〈ζb |χ〉 = ζb
ps−1∑
j=0
ζ
pr+l
“
(uj+bpr−l
P⌊s/r⌋+1
i=2 (
j
i)p
(i−2)r
”
= ζbpl
ps−l−1∑
j=0
ζ
pr+l
“
(uj+bpr−l
P⌊s/r⌋+1
i=2 (
j
i)p
(i−2)r
”
,
and so the result now follows from Corollary 5.8. On the other hand, if l ≥ r we have
〈ζb |χ〉 = ζb
ps−1∑
j=0
ζ
p2r
“
(upl−rj+b
P⌊s/r⌋+1
i=2 (
j
i)p(i−2)r
”
= ζbpr
ps−r−1∑
j=0
ζ
p2r
“
(upl−rj+b
P⌊s/r⌋+1
i=2 (
j
i)p(i−2)r
”
,
and so the result now follows by applying Corollary 5.10 with k = s− r, e = r and rescaling
appropriately. 
Theorem 8.2. Let p be an odd prime and let r ≥ 1. If p = 3, assume that r ≥ min{2, s}.
For k ≥ 1, let
Rk = {(1 + c1p+ c2p2 + . . .+ cmin(r,k)−1pmin(r,k)−1) : 0 ≤ ci ≤ p− 1}
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and let Lr+k be the unique subfield of Q(p
r+k) with [Q(p
r+k) : Lr+k] = p− 1. For s ≥ 1, let
αs = 1 +
s∑
k=1
∑
t∈Rk
Tr
Q(p
r+k)/Lr+k
(ζ tpr+k) and Gs = Gal(Q
(pr+s)/Q(p
r)).
Then for all s ≥ 0, we have A
Q(p
r+s)/Q(pr) = MQ(pr)[Gs] and Z[ζpr+s] = AQ(pr+s)/Q(pr) · αs. In
other words, Q(p
r+s)/Q(p
r) is Leopoldt for all s ≥ 0.
Proof. That A
Q(p
r+s)/Q(pr) = MQ(pr)[Gs] is a straightforward application of Theorem 6.4 (i.e.
the corollary to the main theorem in [BL96]).
We prove the main result by induction on s. The case s = 0 is trivial. Now fix s ≥ 1
and assume by induction that Z[ζpr+s−1] = AQ(pr+s−1)/Q(pr) · αs−1. Henceforth adopt the
notation given at the beginning of Section 7, taking K = Q(p
r). Let α = αs and γ = αs−1.
Let H = {h1, . . . , hp−1} be the unique subgroup of Gal(Q(pr+s)/Q) of order p− 1 and write
hi = σi+pfi for some di ∈ Z. Let S = {(i+pfi)x | x ∈ Rs}. Then observe that α = γ+
∑
b∈S ζ
b.
We wish to show that the hypotheses of Proposition 7.5 hold. Hypothesis (a) is the
induction hypothesis and (b) holds by Lemma 8.1. Thus it remains to check (c).
Let χ ∈ B. Then χ is of order ps and there exists a unique a ∈ V such that 0 < a < ps
and χ(σ1+pr) = ζ
a
ps = ζ
apr . We can write a uniquely as
a = (a0 + a1p+ a2p
2 + . . .+ as−1p
s−1), 0 ≤ ai ≤ p− 1, a0 6= 0.
Furthermore, there exists a unique element c ∈ N of the form
c = (1 + c1p+ c2p
2 + · · ·+ cs−1ps−1) 0 ≤ ci ≤ p− 1
such that for b := (a0 + pfa0)c, we have a ≡ bmod ps, i.e. vp(b− a) ≥ s.
Suppose that s ≤ r. Then
Rs = {(1 + d1p+ d2p2 + · · ·+ ds−1ps−1) : 0 ≤ di ≤ p− 1}
and so b is the unique element of S such that vp(b − a) ≥ s. Hence by Lemma 8.1, b is
the unique element of S such that 〈ζb |χ〉 6= 0, and so hypothesis (c) of Proposition 7.5 is
satisfied in this case.
Suppose that s > r. Then
Rs = {(1 + d1p+ d2p2 + · · ·+ dr−1pr−1) : 0 ≤ di ≤ p− 1}.
There exists a unique d ∈ Rs such that vp(d− c) ≥ r, namely
d = (1 + c1p+ c2p
2 + · · ·+ cr−1pr−1).
Let e = (a0 + pfa0)d ∈ S. Since vp(a0 + pfa0) = 0, we have
vp(e− b) = vp((a0 + pfa0)(d− c)) = vp(d− c) ≥ r.
However, a ≡ bmod ps and so vp(e − a) ≥ r. By construction, e is the unique element of
S with this property and therefore the property that 〈ζe |χ〉 6= 0 (use Lemma 8.1). Hence
hypothesis (c) of Proposition 7.5 is satisfied in this case and so the proof is now complete. 
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Corollary 8.3. Let r, s ≥ 1 and p be an odd prime. If p = 3, assume that r ≥ min{2, s}.
Let L/K be an extension with [L : K] = ps and L ⊆ Q(pr+s). Then AL/K =MK[G] and L/K
is Leopoldt. In fact, if we suppose that L is of conductor pr+s (which we can do without loss
of generality) then OL = AL/K · αs for αs ∈ OL as given in Theorem 8.2.
Proof. That AL/K =MK[G] is a straightforward application of Theorem 6.4 (i.e. the corol-
lary to the main theorem in [BL96]).
Assume without loss of generality that L is of conductor pr+s. Let L′ and K ′ be the unique
subfields such that [Q(p
r+s) : L′] = [Q(p
r) : K ′] = p − 1. The situation is illustrated by the
field diagram below.
Q(p
r+s)





G ps
L






G ps
Q(p
r)





L′
G ps
K





K ′
Since their degrees over K are relatively prime, Q(p
r) and L are linearly disjoint over K.
Furthermore, by definition of αs in Theorem 8.2, it is easy to see that in fact αs ∈ OL′ ⊆ OL.
Hence the result now follows from Proposition 3.4 with E = Q(p
r) and F = Q(p
r+s). 
Corollary 8.4. Let p be an odd prime and K be a subfield of Q(p). Let
K = K0 ⊂ K1 ⊂ K2 ⊂ · · · ⊂ Kcyc∞
be the cyclotomic Zp-extension of K. Then for any n ≥ m, the ring of integers OKn is free
as a module over AKn/Km.
Proof. This is essentially just a rephrasing of Corollary 8.3. Recall Remark 7.1. 
We can now deduce a theorem that is essentially the same as a result of Kersten and
Michalicˇek ([KM89], Theorem 2.1). Also see [Gre92] and [Ich05].
Theorem 8.5. Let p be an odd prime and K be any number field. Let
K = K0 ⊂ K1 ⊂ K2 ⊂ · · · ⊂ Kcyc∞
be the cyclotomic Zp-extension of K. For every n ≥ m, the ring of p-integers OKn [p−1] is
free as a module over OKm [p−1][Gal(Kn/Km)].
Proof. The main point is that p is inverted and since only primes above p are ramified in
Kn/Km, arithmetic disjointness outside of p is equivalent to linear disjointness. Hence the
desired result can be obtained by base change from the case of Corollary 8.4. 
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9. Proof of Theorem 1.3
We now prove an explicit version of Theorem 1.3. We adopt the notation given at the
beginning of Section 7, taking K = Q(p
r)+. We abbreviate 〈− |χ〉L/K to 〈− |χ〉.
Lemma 9.1. Let χ ∈ B and define a ∈ N by χ(σ1+pr) = ζaps = ζapr . If p = 3, assume that
r ≥ min{2, s}. Let b ∈ V . Then
Norm
Q(p
r+s)/Q((〈ζb |χ〉)) =


ps(p−1)p
r+s−1
if s ≤ r and max{vp(b± a)} ≥ s
p
1
2
(s+r)(p−1)pr+s−1 if s > r and max{vp(b± a)} ≥ r,
0 otherwise.
Proof. Observe that for any k ≥ 1, we cannot have both vp(b − a) ≥ k and vp(b + a) ≥ k,
otherwise vp(b) = vp(2b) = vp((b− a) + (b+ a)) ≥ k, contradicting the hypothesis on b. The
result now follows immediately from Lemmas 7.3 and 8.1. 
Theorem 9.2. Let p be an odd prime and let r ≥ 1. If p = 3, assume that r ≥ min{2, s}.
For k ≥ 1, let
Sk = {(c0 + c1p+ c2p2 + . . .+ cmin(r,k)−1pmin(r,k)−1) : 0 ≤ ci ≤ (p− 1), 1 ≤ c0 ≤ 12(p− 1)}.
For s ≥ 1, let
αs = ζpr +
s∑
k=1
∑
t∈Sk
ζ tpr+k and Gs = Gal(Q
(pr+s)/Q(p
r)+).
Then for all s ≥ 0, we have Z[ζpr+s] = AQ(pr+s)/Q(pr)+ · αs. In other words, Q(p
r+s)/Q(p
r)+ is
Leopoldt for all s ≥ 0.
Proof. We proceed by induction on s. In the case s = 0, it is trivial to check that α0 = ζpr
generates a normal integral basis for Q(p
r)/Q(p
r)+. Now fix s ≥ 1 and assume by induction
that Z[ζpr+s−1] = AQ(pr+s−1)/Q(pr)+ · αs−1.
Henceforth adopt the notation given at the beginning of Section 7, taking K = Q(p
r)+.
Let α = αs, γ = αs−1 and S = Ss. Then observe that α = γ +
∑
b∈S ζ
b. We wish to show
that the hypotheses of Proposition 7.5 hold. Hypothesis (a) is the induction hypothesis and
(b) holds by Lemma 9.1. Thus it remains to check (c).
Let χ ∈ B. Then χ is of order 2ps and there exists a unique a ∈ V such that 0 < a < ps
and χ(σ1+pr) = ζ
a
ps = ζ
apr . We can write a uniquely as
a = (a0 + a1p+ a2p
2 + . . .+ as−1p
s−1), 0 ≤ ai ≤ p− 1, a0 6= 0.
Suppose that s ≤ r. Then
S = {(c0 + c1p+ c2p2 + . . .+ cs−1ps−1) : 0 ≤ ci ≤ (p− 1), 1 ≤ c0 ≤ 12(p− 1)}.
Observe that (S
⊎
(−S))mod ps ≡ (Z/psZ)× and so there exists a unique element b ∈ S such
that either vp(b− a) ≥ s or vp(b+ a) ≥ s. Hence by Lemma 9.1, b is the unique element of
S such that 〈ζb |χ〉 6= 0, and so hypothesis (c) of Proposition 7.5 is satisfied in this case.
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Suppose that s > r. Then
S = {(c0 + c1p+ c2p2 + . . .+ cr−1pr−1) : 0 ≤ ci ≤ (p− 1), 1 ≤ c0 ≤ 12(p− 1)}.
Observe that (S
⊎
(−S))mod pr ≡ (Z/prZ)× and so there exists a unique b ∈ S such that
±b ≡ (a0 + a1p + . . .+ ar−1pr−1)mod pr.
This is the unique element of S such that either vp(b − a) ≥ r or vp(b + a) ≥ r and so
the unique element of S such that 〈ζb |χ〉 6= 0 (use Lemma 9.1). Hence hypothesis (c) of
Proposition 7.5 is satisfied in this case and so the proof is now complete. 
Remark 9.3. The idempotent e = 1
2ps
Tr
Q(p
r+s)/Q(p
r)+ is inMQ(pr)+[Gs], but is not inAQ(pr+s)/Q(pr)+
because e(ζpr) =
1
2
(ζpr + ζ
−1
pr ) /∈ Z[ζpr+s]. Therefore AQ(pr+s)/Q(pr)+ $MQ(pr)+[Gs].
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